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Abstract

We give an overview of Bergman theory, including the Bergman space and the Bergman kernel
function. We state and prove some properties of minimal domains and introduce the classification of
minimal domains in C. We then present some results from representation theory of compact Lie groups
to give a modified definition of quasi-Reinhardt domains, as well as an intrinsic definition. Finally, we use

the intrinsic definition to develop some properties of quasi-Reinhardt domains and mappings on them.
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Introduction

Let D C C" be a domain, and denote the Bergman space of D by A%(D) = O(D)NL?*(D). The Bergman
space is a separable Hilbert space with the inner product inherited from L?(D) (with respect to the
Lebesgue R*" measure). Let {¢;}32, be a complete orthonormal basis for A*(D), and one definition of

the Bergman kernel function is given by

K(z,w) = Z%(z)%‘(w)~

If D is a bounded domain, then the constant function co = u(D)~/? is in A?(D) and has norm equal
to 1. Therefore, if {¢;}32; is an complete orthonormal basis containing co, then
. 1

K(z,2) = Z lp(2)|* > w(D)’

=1

If the equality is achieved at zg € D, then D is called a minimal domain with center zy. In 2021, Robert
Xin Dong and John Treuer ([DT21]) compeletely classified minimal domains in C, claiming that they
are disks up to subtracting a polar set. However, this result does not generalize to C™ with n > 1.
By considering Cartan egg-domains, one can see that there are many minimal domains that are not
biholomorphic to both of the unit ball B™ and the polydisk D™. Therefore, we want to study a larger

class of domain which contains the collection of minimal domains.

Quasi-Reinhardt domains become the central topic of this thesis because every quasi-Reinhardt do-
main is a minimal domain. A domain D is quasi-Reinhardt with respect to a torus action ps : T" —
GL,,(C), if D is pa-invariant and O(C™)?4 = C. These notions and symbols shall be defined in Section 4
of this thesis. Quasi-Reinhardt domains are first studied by Fusheng Deng, Feng Rong, and Fengbai Li
([DR16], [LR19]). However, an argument in [DR16] has a flaw in it, and the definition of quasi-Reinhardt
thus need to be modified to remedy this flaw. In this thesis, we will provide a modified definition of
quasi-Reinhardt domains. We will also provide an intrinsic definition of quasi-Reinhardt domains and

use it to study some properties of mappings on quasi-Reinhardt domains.

1 Bergman Theory

In this section, we provide an introduction and exposition of Bergman theory, which would be essential

for the discussion of minimal domains in Section 2. [Kral3] will be the main reference for this exposition.



1.1 Bergman Space

Let D C C" be a bounded domain (open and connected), and let du be the R?*" Lebesgue volume

measure on D. Define the Bergman space by the collection of all L? holomorphic functions on D.

/ FE)Pdu(z) <oo}.
D

equipped with the inner product and norm inherited from L?(D):

A%(D) = {f : D — C holomorphic

(f.g) = /D F(2)g(2)du(2)

and

e = ([ opame)

That is, A%(D) = O(D) N L?(D), where O(D) is the space of holomorphic functions on D. We have
that the uniform norm of f € A%(D) on compact subsets of D is bounded by its A%(D)-norm.

Proposition 1.1. ([Kral3], Lemma 1.1.1) Suppose D C C" is a bounded domain. Let K C D be a

compact set. Then there is a constant C'x ,, > 0, such that

sup | f(2)| < Crullfllaz(p)
zeK

for all f € A%(D).

Suppose f,, is a Cauchy sequence in A%(D) C L?(D). By completeness of L?, we may find f so that
fn — fin L?(D). By Proposition 1.1, we see that this convergence is also uniform over compact subsets

of D, and thus f is holomorphic on D. That is, f € A?(D), which means we have proved the following:
Proposition 1.2. A?(D) with the inner product (f,g) = [, f(2)g(z)du(z) is a Hilbert space.

Remark 1.3. As L?(D) is a separable Hilbert space, so is A%2(D) C L?(D). Therefore, we can find a

complete countable orthonormal basis {¢;}%2, for A%(D).

1.2 Bergman Kernel

We now construct the Bergman Kernel for a given domain D C C". If z € D, notice that applying

Proposition 1.1 with the compact set K = {z}, we have

|F(2)] < ClIflla2(p)



for all f € A%(D). Hence, for each fixed z € D, ®, : A%2(D) — C, the evaluation map ®.(f) = f(z)
is a bounded linear functional, and is thus continuous. By Riesz representation theorem, there is some

K. € A%(D) with the property that

f(Z) = q)z(f) = <faKz>'

Definition 1.4. The Bergman kernel (on D) is defined by the function Kp(z,w) = K,(w), where
z,w € D. When it is clear by the context, we also write K(z,w) in place of Kp(z, w) for the Bergman

kernel.
Example 1.5. Let B" = {(21,...,2,) € C" | |21]> + -+ + |2,]?> < 1} be the unit ball in C". The

Bergman Kernel of the unit ball is given by

n! 1
K]B" (Z, 'lU) = ﬁm

where z - W = z1wy + - - - + 2, W, is the standard inner product on C™.

We have the following reproducing property of Bergman kernel immediately from the definition.

Proposition 1.6. Let D C C? be a bounded domain and K(z,w) the associated Bergeman kernel.
Then

f(2) = /D F () (2 w)da(u)
for all z € D and f € A%(D).

The Bergman kernel is conjugate symmetric by the reproducing property.

Proposition 1.7. Let D and K(z,w) be the same as in Proposition 1.6. Then K(z,w) = K (w, z) for
all z,w e D.

Proof. By definition, we have that the function g,,(¢) = K(w,() is in A%(D) for each fixed w € D. Fix
z,w € D. Applying the reproducing property yields

K(w,z) = gu(z) = /D K(w,t)K(z,t)du(t) = /D K(z, ) K (w,t)du(t) = g.(w) = K(z,w).

O

Proposition 1.8. The Bergman kernel K (z,w) is the unique function D x D — C that is A?(D) in the
z variable, conjugate symmetric (Proposition 1.7), and satisfies the reproducing property (Proposition

1.6).

Proof. Suppose K'(z,w) is another kernel with the given properties. By the same argument as in

Proposition 1.7, we obtain

K'(z,w) = K'(w, 2) = /D K'(w,t)K(z,t)du(t) = /D K(z,t)K'(w, t)du(t) = K(z,w).



O

Recall from Remark 1.3 that we may find a complete countable orthonormal basis {¢;}52, for A*(D).

We now give an alternative definition of the Bergman kernel.

Proposition 1.9. (Alternative definition of Bergman kernel) Let {¢;}52; be an orthonormal basis for

A%(D). Consider the series

> pi(2)e(w).
j=1
If S C D is compact, then the series converges to the Bergman kernel uniformly over S x S.

Remark 1.10. Notice that this definition does not depend on the choice of orthonormal basis. Suppose
D C C" is a bounded domain. Then every constant function is in A?(D). Therefore, we may use Gram-
Schmidt to produce an orthonormal basis that contains the constant function ¢, = u(D)~ /2, where

u(D) is the Lebesgue R?™ measure of D. Suppose the orthonormal basis is given by

{03521 = {u(D) 2} U{p;}52,.
By Proposition 1.9, we have the following diagonal estimate for the Bergman Kernel K (z,w):

K(z,z2) = Z%‘(Z)m: Z i@ 2 o) = ﬁ

This leads to one definition of minimal domains, and we will further discuss this in Section 2.

Definition 1.11. Suppose D C C" is a domain, and f : D — C" is holomorphic. Write f(z) =

(f1(2),..., fn(#)), and w; = f;(z). The holomorphic Jacobian matrix of f is the matrix

O(wy, ..., wy)

J(Cf - 8(217...,2:”) ’

Theorem 1.12. (Transformation formula of Bergman kernel) Suppose D;, Dy are domains in C", and

f: D1 — Dy is a biholomorphism. Then

detJof(2)Kp,(f(2), f(w))detIcf(w) = Kp, (2, w).

2 Minimal Domains

2.1 Definition and Properties

Definition 2.1. Let D C C" be a domain, and p € D. We say that D is a minimal domain with

center p if



Remark 2.2. To say that a domain D C C" is a minimal domain with center p is equivalent to say that

the equality in the diagonal estimate in Remark 1.10 is achieved at p.
There is an alternative definition of bounded minimal domains, which concerns the property of
biholomorphisms on it:

Definition 2.3. (Alternative definition, [DT21]) Let D C C™ be a bounded domain. D is called a
minimal domain with center p € D if u(D) < V(D') for any biholomorphism ¢ : D — D’ such that
det Jcp(p) = 1.

Proposition 2.4. Suppose D C C" is a bounded domain, and let p € D. Write H, = {f € A%(D) |
f(p) =0}, and let T, = (H,)* C A%(D). Then:

(1) H, is a Hilbert subspace of A%(D);

(2) dime T, =1;
(

)
3) Kp(z,p) € T,,.

Proof. To prove (1), it suffices to prove that H, is closed, because A%(D) is a Hilbert space. Suppose
{fn} is a sequence in H, and f,, — f in A?(D). Applying Proposition 1.1 gives f,, converges to f locally
uniformly over D. Since f,(p) = 0 for all n, we have f(p) = 0, and therefore f € H,. This completes
the proof of (1).

For (3), if g € H,, then by the reproducing property we have

0= g(p) = /D 9(w) K p(p, w)dp(w)
_ / 9(w) K (w, p)du(w)
D

= (9, Kp(,p)),

which is what we want.
To prove (2), first notice that we have the following:

Claim. If hy, hy € T, and hi(p) = ha(p), then hy = ho over D.
Proof of Claim. Let ¢ = hy — ha. Then ¢(p) = 0, so

p€ H,NT,=H,N(H,)" ={0}.

O

Suppose hq, hy € T, \ {0}. Then hq(p), ha(p) are nonzero, because T, N H, = {0}. Let A = Zi—g;, Y=
Aho. Observe that ¢ € T), as hy € T}, and




By the claim, this implies Aha = 9 = hq, so T}, has dimension at most 1. As we showed that Kp(z,p) € T,

and Kp(z,p) is not the zero function, we conclude that dim¢ T, = 1. O

This implies the following equivalent characterization of bounded minimal domains.

Proposition 2.5. Let D C C™ be a bounded domain, and p € D. The following are equivalent:
(1) D is a minimal domain with center p;
(2) T, ={f| f=C for some C € C};

(3) Kp(z,p) is a constant function in z.

Proof. Tt is immediate from the previous proposition that (2) is equivalent to (3). To see that (1) implies
(2), let
_1
(D)2 U e}y

be a complete orthonormal basis for A%(D). Then we have
Kp(z.2) = 4 3 Iy o)
’ D) =

and

1

Kp(p,p) = (D)’

Therefore ¢, (p) = 0 for all m > 2, so the subspace spanned by {¢,,} is a subspace of H,. On the other
hand, every function g € H, C A%(D) is a countable linear combination of {u(D)™*/2} U {p,}22,. As
g(p) = 0, it follows g is a linear combination of ¢,,’s only. Thus H, is spanned by {¢,,}, and the span
of {u(D)~1/2} is the space of all constant functions (denote it by M). Since the basis is an orthogonal
set, we conclude that M 1 H,. Hence, M C T},. As T}, is 1-dimensional, we have M = T},.

To see that (3) implies (1), suppose Kp(z,p) is constant. By conjugate symmetry of the Bergman

kernel this implies Kp(p, z) is also constant. Say Kp(p,z) = C. Applying the reproducing property to

the constant function f = u(D)~?! gives

1 / 1 C
= Kp(p,w)du(w :/ —_—
WD)~ Jp u(p) KPP = iy

Therefore, Kp(p,p) = Kp(p,2) = C = u(D)~*, so D is a minimal domain with center p by definition.
O

dp(w) = C.

Example 2.6. Recall from Example 1.5 that the Bergman kernel of the unit ball B™ is given by

n! 1
K[Bn(z,w) = EW

Thus, K(z,0) is a constant, so B™ is a minimal domain with center 0.

The center of a bounded minimal domain is unique.



Proposition 2.7. If D is bounded minimal domain with centers p € D and ¢ € D, then p = q.

Proof. If D is minimal with centers p and ¢, then T, =T, = {f | f = C}. As H,, H, are closed subspace
of A%(D), we have (T,,)* = ((H,)')* = H,, and similarly for H,. Therefore, H, = (T,,)* = (T,)* = H,.
That is, if f € A?(D), then f(p) = 0 if and only if f(¢) = 0. But this could happen only when p = ¢q. [

Proposition 2.8. Suppose D;, Dy are domains in C", and f : D; — Dy is a biholomorphism such that

det J¢ f is constant. If D; is a minimal domain with center p, then Dy is a minimal domain with center

f(p).

Proof. Since Dy is a minimal domain with center p, Kp, (z,p) is constant. Applying the transformation

formula of Bergman kernel gives

det JCf(Z)KD’z (f(Z), f(p)) det J(Cf(p) = KDl (Zap)

By assumption, f is a biholomorphism whose complex Jacobian has constant determinant. In particular,
the determinant of its Jacobian never vanishes, so Kp,(f(z), f(p)) is a constant. This proves that Ds is

a minimal domain with center f(p). O

Definition 2.9. f : C® — C" is called a shear if there exists a holomorphic function g : C*~t — C

such that g(0) = 0, and f(z,w) = (2,w + g(2)) for all z € C" 1, w € C.

Remark 2.10. In particular, shears are biholomorphisms with determinant of Jacobian being constant.

Therefore, the image of a minimal domain under a shear is still a minimal domain.

Theorem 2.11. Let Dy, D> C C™ be bounded minimal domains with centers p;, p2 respectively. Suppose

f : D1 — Ds is a biholomorphism with f(p;) = ps. Then det J¢f is constant.

Proof. Since f is biholomorphic, for all z,w € D; we have

det Jc f(2)Kp,(f(2), f(w))det Jc f(w) = Kp, (2, w). (*)

Take w = p; in () gives

det JCf(Z)KDz (f(z)7p2) det J(Cf(pl) = KDl (Zapl)'

As Dy, Dy are minimal domains with centers p;, py respectively, we have Kp,(f(2),p2) and Kp,(z,p1)

are constant (and nonzero). Therefore, det J¢ f(z) is also constant. O

Remark 2.12. Let D1, Dy C C be minimal domains both with center 0. Suppose f : D; — D5 is a
biholomorphism with f(0) = 0. Then Theorem 2.11 implies that f is linear. However, this does not
hold in C™ with n > 1 due to the existence of shear maps. Let D; C C? be a minimal domain with

center 0, and take f(z,w) = (z,w + g(z)) with a nonlinear holomorphic function g satisfying g(0) = 0



(for example, g(z) = e* — 1). Then f(D;) is a minimal domain with center 0 by Proposition 2.8, and f

is a biholomorphism from D; to its image.

For D C C™ a bounded domain, write Aut(D) for the group of all biholomorphisms f : D — D. For
p € D, we further define the following subgroups of Aut(D):

Ap(D) = {p € Aut(D) | p(p) = p}
SA,(D) = {p € A,(D) |Jcp=C, C €C}.

Set
Fp={f€A*(D)| fop=f, Ve SA D)}

Notice that all constant functions are contained in F,.

Theorem 2.13. If J, contains only constant functions, then D is a minimal domain with center p.

Proof. Fix ¢ € SA,(D). By the transformation formula of Bergman Kernel, we have

Kp(z,w) = Kp(p(2), p(w))A]%, (%)

where A = Jcy is a constant by definition of SA,. Take z = w = p in (%) gives |A| = 1 because ¢ €
SA,(D) C Ap(D). Therefore, Kp(z,w) = Kp(p(2),p(w)). Let K,(z) = Kp(z,p), then K, € A%(D),
and

(Kpop)(2) = Kp(p(2),p) = Kp(p(2), (p)) = Kp(2,p) = Kp(2).

Hence, K, € F, by definition. By assumption K,(z) = Kp(z,p) must be a constant, which proves that

D is a minimal domain with center p. O

Corollary 2.14. Suppose G C GL,(C) is a subgroup and D C C" is a domain invariant under the
action of G and containing the origin. Define F(G, D) := {f € A>(D) | foT = f, VT € G}. If (G, D)

contains only constant functions, then D is a minimal domain with center 0.

Proof. By assumption G C SAg(D), so Fy C F(G, D). Notice that Fy contains all constant functions,
and the assumption gives F(G, D) = {f € A%(D) | f is constant}. Therefore, Fy contains only constant

functions and the preceding theorem now gives the desired result. O

Remark 2.15. Notice that the converse of above corollary does not hold. Let D C C be the unit disk,
and consider G = {id, —id}. Then D is a minimal domain with center 0 and is invariant under G, but

the function f(z) = 2? is in F(G, D).

There is an open question regarding the exsitence of center-preserving biholomorphisms from a min-

imal domain to another minimal domain.



Question 2.16. Let Dq, Dy be minimal domains with center pi,ps, respectively. Suppose that there
exists a biholomorphism ¢ : D1 — Da, not necessarily g(p1) = p2. Does there always exist a biholomor-

phism f: Dy — Dg such that f(p1) = pa?

2.2 Minimal Domains in C

We introduce the classification of minimal domains in C. This is done in [DT21].

Definition 2.17. P C C is said to be polar if there is a subharmonic function u, not identically —oo,

such that P = {z € C | u(z) = —o0}.

Let A(z,r) denote the disk in C with center z and radius r.

Theorem 2.18. ([DT21], Theorem 1) Let  C C be a domain, and let K(z,w) be the Bergman kernel

on ). Suppose there is a point zg € 2 such that

K(ZOaZO) = ﬁ»

where if §(Q) = oo then p(Q)~! = 0. Then:

(1) If u(2) = oo, then Q@ = C\ P, where P is a closed polar set (possibly empty).

(2) If u(2) < oo, then 2 = A(zg,r) \ P, where P is a polar set (possibly empty) closed in the relative
topology of A(zg,r), with r = /pu(Q)7 L.

Remark 2.19. [DT21] If P is a closed polar subset of a domain €, then A%2(Q\ P) = 4%2(Q).

Remark 2.20. Compact subsets of a polar set are totally disconnected. Therefore, if €2 is assumed to

have smooth boundary in Theorem 2.18, then P is empty in the conclusion.

We end this section by remarking that one should not expect a similar classification to hold in C™
if n > 1. Indeed, the polydisc D™ is a Reinhardt domain (and is thus minimal, we will see this result in
Section 4) which is not biholomorphic to the ball B”. However, D" does not have smooth boundary, so
one may ask instead if we could expect a result like Theorem 2.18 to hold if we assume the domain has

smooth boundary. The answer turns out to be negative also in this case.

Example 2.21. ([DT21], Theorem 3) Let D = {z € C? | |z1|* + |21]? + |22/?> < 1}. Then D is complete

Reinhardt, strongly convex, and not biholomorphic to B2.

Definition 2.22. [Sak89] Let D C C" be a bounded domain with C? boundary. D is called weakly
pseudoconvex if, for every p on the boundary of D and for every C? function p on an open neighborhood

U of p in C™ such that dp(p) #0 and DNU = {z € U | p(z) < 0}, we have

Lip; wl(p) =



whenever w is non-zero with
dp
g ——(P)w; =0.
7 82’]' (p) J

We say D is strongly pseudoconvex if we have L{p; w](p) > 0 with p, p, w same as above.

Theorem 2.23. [Bel81] A smooth bounded weakly pseudoconvex domain (that is not strongly pseudo-

convex) cannot be biholomorphic to a strongly pseudoconvex domain.

Example 2.24. Let Q = {(z,w) € C? | |2]? + |w|* < 1}. Then Q is weakly pseudoconvex, but not

strongly pseudoconvex. In particular,  is not biholomorphic to the ball B2.

In general, one could consider a family of domains, called Cartan egg-domains or Thullen do-
mains, given by

Q= {(z,w) € C? | |2]? + |w[*™ < 1}

for positive integers m. €2, are complete Reinhardt domains, so they are minimal domains. If my # ms,
then Q,,, is not biholomorphic to Q,,,. This suggest that in C*(n > 1), there are many families of
minimal domains that are not biholomorphic to each other. Therefore, when n > 1, we want to study
a larger class of domains that includes the collection of minimal domains in C™. This will be the main

topic of Section 4.

3 Representations of Compact Lie Groups

In this section, we introduce some results about representations of compact Lie groups that will be useful

for our discussion in Section 4.

3.1 Torus

Definition 3.1. A matrix Lie group T is a torus if it is isomorphic (as a Lie group) to a finite direct

product of St = U(1).
Theorem 3.2. ([Hall5], Theorem 11.2) Every connected, compact, abelian matrix Lie group is a torus.

Remark 3.3. Notice that the direct product of S* is connected, compact, and abelian, so the above

theorem actually gives an alternative definition of the torus.

Definition 3.4. Let K be a compact Lie group. A subgroup T of K is a torus if T is isomorphic to a
finite direct product of S*. T is called a maximal torus if it is a torus and it is not contained in any

other torus of K.

10



Example 3.5. A maximal torus of U(n) is given by

tq
T | l=11<i<n
128
Theorem 3.6. ([Hall5], Theorem 11.9) Let K be a compact Lie group. Then:

(1) If Ty and Ty are maximal tori of K, then there exists x € K such that Ty = xTox 1.

(2) Every element of K is contained in some maximal torus.

Theorem 3.7. ([HT94], Theorem A) Let G be a Lie group. Denote % the set of all compact subgroups

of G, partially ordered by inclusion. Then every element in % is contained in a maximal element.

3.2 Representations of T"

Let T = R/Z =2 S* be the one dimensional torus. In this section we develop some properties of complex

representations of T".

Theorem 3.8. ([Buml3], Theorem 2.2) Suppose p and p’ are irreducible representations of a group G

on finite dimensional vector spaces V and V’, respectively. If L : V' — V” is a linear map, such that

p'(9)L = Lp(g)

for all g € G, then either L is an isomorphism, or L = 0.

Corollary 3.9. Suppose p is an irreducible representation of a group G on a finite dimensional vector

space V such that p(g)L = Lp(g) for all g € G. Then L is multiplication by a scalar.

Proof. Let A be an eigenvalue of L. As the kernel of L — AI is nonempty (it contains the eigenvectors),

by applying Schur’s lemma to L — AI we see that L — Al = 0. O

Corollary 3.10. Let G be a compact abelian group. Then any irreducible finite-dimensional represen-

tation of G is 1-dimensional.

Proof. Fix h € G and let L = p(h). As G is abelian, we have Lp(g) = p(g)L for all g € G. Applying
Corollary 3.9 gives that L = p(h) is a multiplication by scalar, so every one dimensional subspace is

p-invariant. As p is an irreducible representation, it follows that p is 1-dimensional. O

In particular, because T" is compact and abelian, all irreducible representations of T” are one dimen-

sional. Furthermore, we can explicitly compute the character of irreducible representations of T".

Proposition 3.11. ([Buml13], Proposition 15.4) Every irreducible complex representation of (R/Z)" is
of form

(@1, @p) > exp(2mi Y kjay), = (21,...,2,) € [0,1)" = (R/Z)"

J=1

11



for some (kq,...k,) €Z".

Remark 3.12. Therefore, the irreducible characters of T" corresponds to the group Z".

We have the following Maschke’s theorem for compact Lie groups.

Theorem 3.13. ([Buml3], Proposition 2.2) If G is a compact Lie group, then every finite dimensional

representation of G is a direct sum of irreducible representations.

Remark 3.14. Let p be a representation of T” on a finite dimensional complex vector space V (say

dimV =mn). As T" is a compact Lie group, by the above results, we have

V=V,
=1

where k() = (k%l), ceey kg)) € Z", and Vi is an irreducible representation of T" as in Proposition 3.11,
for all 1 <1 < n. Let A be the n x r matrix whose I-th row is k). By applying a change of basis if

needed, we may assume that the matrix of p(x) is given by

, 1
exp (271'1 > kj( )xj)
plx) = (1)
exp <2m' > i1 k:](-n)mj)

for all z € (R/Z)".

Proposition 3.15. Let p, V, V), and A be the same as in Remark 3.14. If p is further assumed to be

a faithful representation, then rank A = r.

Proof. Since A is an n X r matrix, we only need to prove that ker A = {0}. Suppose for contradiction
that © = (21,...,2,) € R\ {0} satisfies Az = 0. Then we may assume that x ¢ Z" by scaling. For
x € R", define p(z) using equation (1). Let [z] € [0,1)" be the decimal part (taken component-wise) of
2. Then [z] is congruent to  modulo Z, so [x] # 0 and p(z) = p[z] because the exponential function in

(1) is Z-periodic. We compute

r kgl) . k,'(,‘l) :1:1

R S I S

B r 1
Zj:l kg( )xj

2051 k;")xj

Therefore, p[z] = p(x) = I. As p is faithful, we must have [z] = 0, so € Z", which is a contradiction.

Therefore we must have ker A = 0 and hence rank A = 7.
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4 Quasi-Reinhardt Domains

4.1 Original Definition

Definition 4.1. Let p : G — GL,(C) be a representation of the group G. A holomorphic function
f:C" — Cis p-invariant if f(p(g)z) = f(z) for all ¢ € G and all z € C". Denote the algebra of
p-invariant functions on C™ by O(C™)?. A domain D C C" is p-invariant if p(g)(D) = D for all g € G.

We now give the definition of quasi-Reinhardt domains. Let T" be the torus group of dimension
r > 1. For a; = (a;1,...,a4) €Z" for 1 <i<n, A= (A1,...,\r) € T and z = (21,..., 2,) € C", define
=110, Aj"7, and define p4 : T” = GL,(C) to be the linear action given by

paAN)z = (A2, .., A% 2,),

where A is the matrix (a;;).

Definition 4.2. (Original definition in [LR19]) Suppose D C C" is a domain. If there exists some pg
such that O(C™)? = C and D is pa-invariant, then D is a quasi-Reinhardt domain of rank r with

respect to pa.
Remark 4.3. Throughout this section, we consider domains D C C™ that contains the origin.

Discussion 4.4. Definition 4.2 is the original definition of quasi-Reinhardt domain given in [LR19], and
it is also discussed in [DR16]. In Section 4 of [DR16], the following claims are made: If p : T" — GL,,(C)
is a holomorphic linear action such that O(C™)? = C and D is a quasi-Reinhardt domain with respect
to p, then (by considering the induced action of p on A2?(D)) there exists unique a; € Z" for 1 <i <n

and a corresponding coordinate system z = (z1,..., 2z, ), such that the representation can be written as
p(AN)(2) = (A 21, ..., A% z,)

for every A € T", and the n x r matrix A formed by a; satisfies rank A = r. However, we will see
later that this claim is incorrect, and as a possible correction, we could add the condition rank A = r
to the definition of quasi-Reinhardt domains. We shall also see that the definition of the rank of a

quasi-Reinhardt domain should be modified.

Question 4.5. Suppose p4 : T — GL,,(C) is a representation of T" as in Definition 4.2, how could one

check if all p4-invariant holomorphic functions on C" are constant?

Theorem 4.6. Suppose D C C" is a domain and A € Mat, x.(Z). Let ps : T" — GL,(C) be the
associated torus representation. The following are equivalent:
(1) There exists a non-constant p4-invariant holomorphic function on D.

(2) There exists a non-constant p4-invariant holomorphic function on C™.

Proof. To show that (2) = (1), suppose there is a p4-invariant holomorphic function f on C™. Then f|p
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is a p-invariant holomorphic function on D. Conversely, say f € O(D) is pa-invariant. As 0 € D, by

[H6r66] Theorem 2.4.5 we have
F(2) = Okt o 20,

for unique constants by, .., , in some neighborhood of 0. Let A be an n x r matrix in integers with rank

r, and denote its rows by a;,1 < j < n. Then by p-invariance:

Zbkl ____ k2 Zﬁn = f(2) = flpa(N)z) = Zbkl .... kn)\alk1+"-+anknzk1 gk (2)
Since f is not constant, there is a nonzero multi-index (mq,---,my,) such that by,  m, # 0.
By comparing coefficients in the above equality of series we have \&imit—Fanmn — 1 g5 ¢g(z) =

by ...mn 21t 20 s a py-invariant holomorphic function on C™.

Remark 4.7. The above proof could be modified to give an answer to Question 4.5. By using equation

(2) in the above proof, we see that if a; € Z" for 1 < i < n, then an entire function f is p4-invariant if

and only if
n T
] kiai;
Bkoy oo = by kg AP NB R = H H Aj =
i=1j=1
for any A € T" and any non-zero multi-index (ki,--- ,k,). Thus, for given a;’s, if the equation k!A = 0

yields no solution k = (ki,...k,) € Z™ \ {0} with k; > 0, then f must be a constant function. A
more useful case is, in particular, if A € Mat,,«,(Z) satisfies a;; > 0 for all ¢, j, then all ps-invariant

holomorphic functions on C™ are constant.

We now look back at Discussion 4.4. Consider the following example:

Example 4.8. Consider the domain Q = {(z1, 22, 2122 + 23) | z; € D, 1 < j < 3}. Take a; = (1,0),a, =

(0,1),a3 = (1,1). For A = (A1, \2) € T? and w = (wy, we,w3) € C3, we compute
paMNw = (A wy, A2 wq, A2 w3) = (Ajwr, Agwa, A Aaws).
By Remark 4.7, we see that O(C™)?4 = C. Furthermore, set w; = 21, wy = 29, w3 = 2129 + 23, we have
paMNw = (M121, A2z, At Aa(z122 + 23)) = (21, 22, 2122 + 23),

where 21 = A\i2z1,22 = Aa22,23 = Aidazz. As A; € D, we have Q is pa-invariant, so 2 is a quasi-
Reinhardt domain of rank 2 with respect to p4 by Definition 4.2. Let’s now consider b; = (1,1,0), by =
(0,0,1),bs = (1,1,1), and let B be the matrix whose rows are bj. Then for A = (A1, A2, A3) € T® and

w € Z3 same as above, we compute
pe(Nw = (M A221, A322, M1 AaAs (2122 + 23)) = (21, 25, 2125 + 23),
where 2] = MA2z1,25 = Asze,25 = AAoA3z3. Again because A\; € D we have Q is pp-invariant.
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Therefore, € is also a quasi-Reinhardt domain of rank 3 with respect to pg. This contradicts the claim

by [DR16] in Discussion 4.4, because rank B = 2 while B is a 3 x 3 matrix.

Remark 4.9. We also see from Example 4.8 that the rank of a quasi-Reinhardt domain could vary by
choosing appropriate representations of torus of varying dimensions. In fact, by [LR19], if D is a quasi-
Reinhardt domain of rank r as in Definition 4.2, then it is also of rank s for any 1 < s < r. To better
study the behavior of rank under biholomorphisms, we will also define the rank of a quasi-Reinhardt
domain to be a fixed value, as we shall see in the following definition. However, it is worth noticing
that the preceding conclusion of [LR19] regarding the rank still holds if we formulate it in a different
way: if D is a quasi-Reinhardt domain of rank r, then for any 1 < s < r, there is some representation

p:T% — GL,(C) such that O(C™)? = C and D is p-invariant.

4.2 A Modified Definition

With the example and remark in Section 4.1, we give a modified definition of quasi-Reinhardt domains.

Definition 4.10. (Modified definition) Suppose D C C™ is a domain, and r is an integer between 1 and
n. If there exists A € Mat, x,(Z) such that rank A = r, O(C")P4 = C, and D is p4-invariant, then D is
a quasi-Reinhardt domain with respect to p4. The rank of a quasi-Reinhardt domain D is defined
to be the maximum of r (1 < r < n) such that there exists A € Maty, x,(Z) with rank A = r and D is

quasi-Reinhardt with respect to p4.
Definition 4.11. A domain D C C” is m-quasi-circular (where m = (m1,...,m,), m; being positive
integers) if for all # € R, D is invariant under the map p;,(0) : D — C™ defined by
pm(0) (21, ..., 2) = (™02, .. e™n02,).
If mj =1forall 1 <j<mn,then D is called a circular domain.
If we regard p,, as a map T — GL,(C),8 — p,,(6), then any m-quasi-circular domain is a quasi-
Reinhardt domain with respect to p,,. In particular, any circular domain is a quasi-Reinhardt domain.

Example 4.12. For a concrete example, G = {(21 + 22,2122) | 21,22 € D} is a (1,2)-quasi-circular
domain in C2. More generally, the symmetrized polydisc G" = {(pn.1(2),-..,Pnn(2)) | 2 € D"}, where
Pnk(2) = Zl<j1<m<jk<n Zj, - Zj,, 1s a (1,...,n)-quasi-circular domain in C", and is thus a quasi-

Reinhardt domain.
Definition 4.13. A domain D C C" is called a Reinhardt domain if z = (21,...,2,) € D implies

that (e¥12,...,e"%2,) € D for all 0y,...,0, € R.

Therefore, Reinhardt domains are quasi-Reinhardt domains with respect to py : T — GL,,(C), with
I being the n-dimensional identity matrix. Notice that this implies the rank of a Reinhardt domain (as a

quasi-Reinhardt domain) is n, because the rank of a quasi-Reinhardt domain is at most n by definition.
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Remark 4.14. We know that Reinhardt domains in C™ are quasi-Reinhardt domains of rank n. With
the original definition in [DR16], quasi-circular domains are quasi-Reinhardt domains of rank 1. However,
we do not have any assertion regarding the rank of quasi-circular domains with the modified definition.
This is illustrated by the following: Let 2 and p4 be as in Example 4.8. The example shows that 2
is a quasi-Reinhardt domain with rank at least 2. On the other hand, Q2 is also (1,1, 2)-quasi-circular.
Therefore,  is an example of quasi-circular domain whose rank as a quasi-Reinhardt domain (with the

modified definition) is higher than 1.

4.3 An Intrinsic Extension

To determine if a domain D is a quasi-Reinhardt domain requires to check if there is a p4 : T" — GL, (C)
such that rank A = r, O(C")?4 = C, and that D is p-invariant. This task is not easy to perform in
general. Furthermore, we need to consider all such representations in order to compute the rank of a
quasi-Reinhardt domain. Therefore, we attempt to give an intrinsic definition. Namely, we consider the

group of unitary automorphisms of D.

Lemma 4.15. ([GKK11], Theorem 1.3.4) Let €2 be a bounded domain in C". If {f;} is a sequence
in Aut(2) which converges uniformly on compact subsets of © and if, for some py € Q, the limit
lim;_,o fj(po) is a point in €2, then the limit holomorphic mapping fj : 2 — Q has image precisely equal
to Q and fp € Aut(Q2).

Proposition 4.16. Suppose D C C™ is a bounded domain containing the origin. Let UA(D) = U(n) N

Aut(D) be the group of unitary automorphisms of D. Then UA(D) is a closed subgroup of U(n), and is
thus a Lie subgroup ([Leel3], Theorem 20.12). In particular, since U(n) is compact, so is UA(D).

Proof. Let {T;} be a sequence in UA(D), such that T; — T in U(n). Then this convergence is also
uniform because U(n) is finite dimensional, so all norms on U(n) are equivalent to each other. Notice
that 0 € D, and T'(0) = 0, so by Lemma 4.15 we have T' € Aut(D). Therefore, T € UA(D), which is

what we want. ]

Definition 4.17. (Intrinsic definition) Suppose D C C™ is a domain containing the origin. We say that
D is a quasi-Reinhardt domain of rank r if the following conditions hold:

(1) There exists a maximal torus T of UA(D) such that if f : C* — C is a T-invariant holomorphic
function (that is, f o = f for all ¢ € T'), then f is constant;

(2) dimT =r.

We wish to prove that this definition really agrees with the modified Definition 4.10.

Lemma 4.18. Let T be a torus in UA(D) of dimension r. Then there is A € Mat,x,(Z) such that

rank A = r, and the associated torus representation p4 : T — GL,,(C) satisfies T = Image(pa).

Proof. By definition, we know that T is isomorphic (as a Lie group) to T" for some r € Z, r > 1. On
the other hand, T is a subgroup of UA(D), so it is also a subgroup of GL,,(C). Define p : T" — GL,(C)
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to be the composition of these isomorphism and inclusions, so that the following diagram commutes:

o

T’I‘

T UA(D) —— GL,(C).

\//

p

Then p is a faithful representation of T". By Proposition 3.15, there exists A € Mat,, «,(Z) such that

rank A = r and p = p4 up to a change of basis in C™.

Proposition 4.19. Definition 4.10 is equivalent to Definition 4.17.

Proof. We first prove that Definition 4.10 implies Definition 4.17. Suppose D is quasi-Reinhardt with
respect to pa : T" — GL,,(C), and rank D = r.

Claim. rankdpa(A) = r for all A. In particular, p4 : T" — GL,(C) is a smooth immersion.

Proof of claim. Suppose a; = (aj1,...,a;jn) is the the j-th row of A. Choose local coordinates A =

(e2mixn ™) = (\q,..., \.), and identify the image p4(\) with points in Cc™ by

Kau
pa(A) =
Aan

~ (A®, . AR0,...,0) € C

Then p4 is obviously a smooth map, and the differential of p4 is given by

21 A21 T r — -

'QHTI e a At PIED PETTS WERNUUER S IS VIS WS D SRS W
)\an Aan /\
a2 g A PP VEED WSS VIR VIR WS A SIS W
dpa(A) = M SR ®3)
0 0 0 0 0
0 o | [ o 0 0 ]

o~

where ~ denotes the row equivalence of matrices, and Ay --- Ag - - - A\, indicates that the k-th component
of X is omitted in the product. This row equivalence is achieved by dividing the j-th row of dpa(\)
At AT Notice that in the matrix after this division, the non-zero block is achived by multi-

plying Ay -+ Ak - -+ A on the k-th column of A. Thus rankdpa(\) =rank A = r for all A, and p4 is thus

a smooth immersion. O

As p, is an immersion with constant rank, T := Image p4 is thus an immersed submanifold (and

hence a Lie subgroup) of U(n) with dimension r. T is connected, compact, and abelian because T" is,
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so it is also a torus. By the respective property of pa, T is contained in Aut(D), and O(C™)T = C.
We only need to prove that T is a maximal torus in UA(D). If not, then by definition T is properly
contained in some other torus 7" of UA(D). Then s := dim7” > dimT = r. By Lemma 4.18, there
exists B € Mat,,xs(Z) with rank B = s, so that D is pp-invariant and O(C")?# = C. This contradicts
the definition of r that it is the maximal number with this property. Conversely, if T C UA(D) is a
maximal torus satisfying properties as in Definition 4.17, then using Lemma 4.18 we find a p4 as desired,

and the rank of D in the sense of Definition 4.10 is r because T is a maximal torus. O

We have the following lemma follows from page 708 of [Hei92].

Lemma 4.20. Suppose D is a quasi-Reinhardt domain with respect to p. Then O(D)? = C.

4.4 Mappings on Quasi-Reinhardt Domains

As remarked in Section 2.2, one should not expect a simple classification theorem for minimal domains
to hold in C™ when n > 1. Therefore, we attempt to find and study a broader class of domains to reveal
more general properties of minimal domains. Quasi-Reinhardt domains are considered exactly due to

this reason.

Theorem 4.21. ([LR19], Theorem 1.3) Let D C C™ be a bounded quasi-Reinhardt domain containing

the origin. Then D is a minimal domain with center 0.

Proof. Suppose D is quasi-Reinhardt with respect to p4 : T" — GL,(C), where A € Mat,,«,-(Z) is rank
r. Let aj,1 < j < n be the rows of A. Then pa(\) € GL,(C) is a biholomorphism from D to D. Let
K(z,w) be the Bergman kernel on D. By the transformation formula of Bergman kernel (Theorem 1.12),

for all A= (\q,..., ) € T", we have
[det Jepa(N)(2)] K (pa(N)z, pa(Nw)det Jepa (V) (w) = K (2, w).
Notice that det Jcpa(A)(z) = A®1 -+ A2 i constant, and |[Agx| =1 for all 1 <k <7, so
det Jepa(N)(2)det Tepa(N)(w) = A3 - A3 )ar . \an = 1,

Take w = 0 now gives

K(Zv 0) = K(pA()‘)Za 0)

because pa(w)(0) = 0. Recall that K(-,w) € A%(D) for all w € D, so K(-,w) € O(D)?4. By Lemma

4.20 we have K (z,0) is constant, and thus D is a minimal domain by Proposition 2.5. O

The converse of Theorem 4.21, however, does not hold in general. Recall that the image of a minimal
domain under a shear is still a minimal domain. We see that the same property does not have to hold

for quasi-Reinhardt domains.
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Lemma 4.22. ([LR19], Corollary 5.4) Let D and D’ be bounded quasi-Reinhardt domains in C™ con-
taining the origin. Suppose f : D — D’ is a proper holomorphic map such that f=1(0) = 0. Then f is a

polynomial.

Example 4.23. Let B? be the unit ball in C2. B? is a Reinhardt domain, so it is also quasi-Reinhardt.
Let f: C% — C? be given by
flz,w) = (z,w+€* —1).

Notice that f is a shear, so it is a biholomorphism. Its inverse is given by

f_1<§777) = (5777 - ef + 1)

In particular, it is also a proper map. Let D = f(B?) = {(£,n) € C? | [€2 4+ |n — €S + 12 < 1}. We
show that D is not a quasi-Reinhardt domain. Suppose for contradiction that D was a quasi-Reinhardt
domain. Then as f~1(0) = 0 we have f is a polynomial by Lemma 4.22, but f is obviously not a
polynomial by its definition. Notice, however, that B2 is a minimal domain, so D is also a minimal

domain as it is the image under the shear map f.

In the remaining of this section, we study the biholomorphisms between quasi-Reinhardt domains.

Proposition 4.24. Suppose D and D’ are bounded quasi-Reinhardt domains. If there exists a unitary

biholomorphism f : D — D', then rank D = rank D’.

Proof. Let T' be a maximal torus of dimension r in UA(D), such that all T-invariant holomorphic

functions on C™ are constant. As f: D — D’ is a biholomorphism, we have
Aut(D') = {foao f'|ae Aut(D)}.

Since f is unitary, for a € Aut(D), we have 3 = foao f~! € UA(D') if and only if o € UA(D), and
T' =foTofl:={fopoft|peT}isamaximal torus of dimension 7 in UA(D’).Furthermore, if
g€ O(D)T’, then

gofopof =g

for all ¢ € UA(D), which is equivalent to
gofop=gof

for all ¢ € UA(D). Therefore, go f € O(D)T, and is therefore a constant by identifying T as the image
of some p4 and applying Theorem 4.6. As f is biholomorphic, g must be a constant, so O(D)T, =C. By
identifying 7" with the image of some ps and applying Theorem 4.6 again, we conclude that O(C™)T"

is constant. O
In the setting of Proposition 4.24, if we only assume D and D’ are merely biholomorphic (so, without
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assuming the existence of a unitary biholomorphism), then the rank is in general not preserved.

Let B™ be the unit ball in C™, and fix a € B™. Define Py =0

P,(z) = a if a#0

and Q, = I — P, where I is the identity map on C™. Let s, = (1 — |a|?)*/? and define

a — Pa(z) - SaQa(z)
1—(z,a)

Pa(2) =

Notice that similar to the 1-dimensional case, we have @, € Aut(B"). The following lemma concerning
the automorphisms of B™ will be used to construct an example of two biholomorphic quasi-Reinhardt

domains with different rank.

Lemma 4.25. [Rud08] If ) € Aut(B") and a = ¢»~1(0), then there exists a unique U € U(n) such that
Y =Ugq.

Remark 4.26. We compute

SDO(Z) _ 0-— P(i(2><; Z‘;QO(Z) —_—

In particular, if ¢ € Aut(B") satisfies 1(0) = 0, then ¢ € U(n).

Example 4.27. Let f : C2 — C? be the shear map defined by
f(z,w) = (z,w + 2?).

Its inverse is given by

FHEm) = (&0 =€)

Set D = f(B?) = {(£,m) € C? | |€]2 + |n — €2|? < 1}. B? is a Reinhardt domain in C2, so it is a quasi-
Reinhardt domain of rank 2. We show that D is a quasi-Reinhardt of rank 1 by computing UA(D) and
using Definition 4.17. Let ¢ € UA(D) C U(2). Then there exists ¢ € Aut(B?) such that ¢ = foo f~1.
As ¢ € U(2), we have ¢(0) = 0. Also notice that f(0) =0, so it follows that 1(0) = 0. By Lemma 4.25,
1 € U(2). Suppose

w =
For (¢,m) € D, we compute

p(&m) = fovof (&)
= foup(&n—&)
= f(a& +b(n — €%),c€ +d(n - €))
= (a€ +b(n — &%), cz + d(n — €2) + (a& + b(n — £%))*).
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As ¢ is linear, by looking at the first component of ¢ we must have b = 0. Then

@(&,n) = (a&, c€ +d(n — £2) + a€?).

As ) is unitary, we must have that |a| = |d| = 1 (in particular, a,d are non zero), and that ¢ = 0.

Therefore, for ¢ to be linear, it must follow that d = a?. This implies

for some 6 € R. Furthermore, by the above computation,

e(&,m) = (e"¢,e*n) = v(&n).

Therefore, we conclude that

0
UA(D) = |l eer

Therefore, UA(D) itself is a torus, and dim UA(D) = 1. This implies that rank D = 1, and that f maps

a quasi-Reinhardt domain of rank 2 to a quasi-Reinhardt domain of rank 1.
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