Representation Theory of GLy(F,)

OMKAAR KULKARNI

ADVISOR: PROFESSOR CLAUS SORENSEN

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF CALIFORNIA SAN DIEGO

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE MATHEMATICS HONORS PROGRAM

JUNE 2025



Acknowledgements

First of all, I would like to thank my advisor Professor Claus Sorensen for
his patient guidance, the time he gave to help me learn, and the direction
he gave this project. I would also like to thank Professor Cristian Popescu
for teaching me number theory and for encouraging me to pursue an honors

thesis.

Although not directly related to this project, I feel that I must thank Dr.
Etienne Palos and the members of the Paesani Research Group for their

mentorship. Thank you for your support over the last few years.

I would also like to thank all my teachers, family, and friends, without whom

I acknowledge that I would not be here now.

Omkaar Kulkarni Representation Theory of GLy(F,) 2



Contents

1 Introduction

2 Definitions and Notation

3 Cartan Subgroups

4 Conjugacy Classes of GLy(F,)

5 1-Dimensional Representations
6 Steinberg Representations

7 Principal Series Representations
8 Cuspidal Representations

9 Conclusion

14

17

21

21

25

28

32

Ombkaar Kulkarni Representation Theory of GLy(F,)

3



1 Introduction

The aim of this thesis is to classify the irreducible complex representations
of GLy(IF,), where I, is a finite field of characteristic p with ¢ elements. In
the first section, we lay the groundwork by introducing some of the basic
results in representation theory. Then, we introduce the Cartan and Borel
subgroups of GLy(IF,). Next, we find the conjugacy classes of GLy(IF,), which
naturally fit into four types based on the Jordan Canonical Form. Finally,
we find four types of irreducible complex representations of GLy(F,) by
inducing from the Cartan and Borel subgroups. We show that the number of
irreducible representations of each type are as many as the conjugacy classes
in each type. We will demonstrate that these four types of representation,
the 1-Dimensional, Steinberg, Principal Series, and Cuspidal representations,
together contain all irreducible representations of G Ly(IF,).

2 Definitions and Notation

In the setting of this paper, we denote by G a finite group and denote
by V a finite-dimensional C-vector space. GL(V') denotes the group of
automorphisms of V.

Definition 2.1. A representation of G in V is a group homomorphism p :

G — GL(V).

Remark 2.2. If p is a linear representation of GG, and s € (G, we sometimes
denote p; := p(s).
We commonly call the vector space V' a representation of G when p is clear
from the context.

Example 2.3. Suppose p is a representation of G in GL(C) ~ C*. If
p is the representation such that p(s) = 1 for all s € G, p is called the
trivial representation.

Example 2.4. Suppose that V' is of dimension |G|, and V has a basis indexed
by the elements of G, {e;}icc. Let p be the representation of G in V' defined
by ps(er) = eg for all s,t € G. p is called the regular representation of G.
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Example 2.5. Let p¥ : G — GL(V) be a representation of G. Then we can
define a representation of GG in the dual vector space V* =Hom(V, C) called
the dual representation of V. p* is defined by p*(g) := p" (g~ 1)* forallg € G.

Remark 2.6. For allv: e V*,vo e V,ge G
(o5 (v*), py (V) = (W) " (g7 1)V (9)v = (V)0 = (", v)

. We will see how this is useful shortly.

Remark 2.7. Let V and W be representations of G. Then V@& W and VW
are also representations of G; the former via p!“" (v @ w) = p¥ (v) + p! (w)

and the latter via pV*" (v @ w) = p¥ (v) ® P!V (w).

S

Definition 2.8.If p! : G — GL(V) and p? : G — GL(W) are representations,
then a linear map ¢ : V. — W is a G — linear map from the representation
V to W if p(p,(v)) = pi(p(v)) for all v € V and g € G. In other words, the
diagram

@
V |44
commutes. V and W are said to be isomorphic as representations if there
exists a bijective G-linear map ¢ from V to W.

Proposition 2.9. Suppose that p¥ : G — GL(V) and p" : G — GL(W) are
representations of G. We define a representation p : G — G L(Hom(V, W)) by
the identification Hom(V, W) ~ V*®W. Then, for any map ¢ € Hom(V, W),
pe(©)(py (V) = py (¢(v)) for all g € G and v € V. In other words, the
diagram
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V W
py p
V ,09(90) W

commutes.

Proof. We prove the result holds for any simple tensor, from which it
follows that it holds in general. Suppose ¢ = v* @ w € V* ® W. Then,
pa()(py (V) = (Py(v"), py (V) py (w) = (v*,v)py (w).

On the other hand, pgv(cp(v)) = pgv((v*,v)w) = (v*,v)pg‘/(w). Therefore,
pe(#)(py (V) = py (£(v))

Corollary 2.10. The G-linear maps between representations V' and W are
precisely the maps fixed by the representation of Hom(V, W).

Proof. Suppose ¢ € Hom(V, W) is fixed by p, for all ¢ € G. Then, we
have that ¢(p) (v)) = p,’ (@(v)) for all v € V and g € G by the proposition,
so ¢ is G-linear.

On the other hand, suppose that ¢ is a G-linear map from V to W. Then,
w(py (v)) = plf (¢(v)) and by the proposition @(p} (v)) = py(0)(p} (v)) for all
v €V and g € G. Therefore p,(¢) = ¢ for all g € G.

Definition 2.11. Suppose that p : G — GL(V) is a representation, and
W is a vector subspace of V. Then, if ps(W) C W for all s € G, we say that
W is a subrepresentation of V.

It follows from the definition that the following statements are equivalent
for a given linear representation p : G — GL(V):

(1) The subspace W C V is a subrepresentation of V.
(2) The restriction of p to the subspace W is a well-defined linear representation

of G. In this case the restriction p" : G — GL(W) is given by p%¥ (w) = p(w)
for all w € W and s € G.
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Definition 2.11. We call a representation V' irreducible if V' has no proper
nontrivial subrepresentation.

Theorem 2.12 Let p : G — GL(V) be a linear representation of G in a
finite dimensional C-vector space V' and let W be a subrepresentation of V.
Then, there is a complement W of W in V that is also a subrepresentation

of V.

Proof. Let p: V. — W be the linear projection of V' onto W. Define

0

Pi= e ey
IG | icc :

p? is also a linear projection of V onto W.

Therefore W0 := Ker ( 0) is a complement of W in V. Moreover,

psop’p;! G > pspi-peprpst G > pst P pisp-r =
Er= E=

For any x € W% and s € G, p° o ps(x) = ps o p°(x) = 0. Therefore
ps(WO) C WY for all s € G.

Corollary 2.13 (Semisimplicity). Any linear representation V' can be
written as a direct sum of irreducible representations.

Proof. We can prove this by induction on the dimension of V. If V is
irreducible, we are done. Otherwise, by the theorem, we can write the
representation V as the direct sum of subrepresentations W and W9, which
are of a strictly lower dimension than V. By the induction hypothesis,
there are irreducible representations {Wi,...,W,} and {W? ....W"} such
that W = W, & ... @ W,, and W° = Wlo ® ... ng. Therefore, V =
Wie.. oW, oWl e..eW).

Theorem 2.14 (Schur's Lemma) Let p' : G — GL(Vi) and p* : G —
G L(V3) be two irreducible representations of G, and let f be a G-linear map
from Vi to V; satisfying p?o f = f o pl for all s € G.

(1) If V1 and V4 are not isomorphic representations, f = 0.
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(2) If V4 and V4 are isomorphic representations, then f = AI for some A € C.

Proof. (1) Suppose V and W are not isomorphic representations, but f # 0.
For all v € Ker(f) and s € G, we have that p? o f(v) = 0, implying that
f o pl(v) = 0. Therefore, Ker(f) is a subrepresentation of V;, and must be
either V1 or 0. Since f # 0 by assumption, Ker(f) = 0. On the other hand,
for all v € Im(f) and s € G, we have that f o pl(v) € Im(f), implying that
p2 o f(v) € Im(f). Therefore, Im(f) is a subrepresentation of V5, and is
necessarily V5 as f # 0. But if Ker(f) = 0 and Im(f) = V3, f is a bijective
G-linear map from V; to V5, and V4 and V5 are isomorphic representations.
Contradiction.

(2) Suppose that V| = V5 and p' = p?. Then, let X be an eigenvalue of f.
Defining f’ := f — A, we see that p?o f' = p?o f —A\p> = fopl—Apl = flopl.
Since A is an eigenvalue of f, f’ has non-zero kernel. Ker(f”) is a nontrivial
subrepresentation of V;, and therefore V; itself. Therefore f' =0 = f = Al.

Definition 2.15. Let p be a representation. We define the function x by
x(s) = Trace(ps). Then, y is called the character of p.

Theorem 2.16 Let x be the character of a n-dimensional representation
V. Then,

(1) x(1) =n

(2) x(s~ )zx(s) for all s € G.

(3) x(tst™!) = x(s) for all s,t € G.

Proof. (1) p(1) is necessarily the identity matrix since p(1)p(s) = p(s) for all
s € G. Therefore x(1) =Trace(1,,) = n.

(2) ps is a matrix of finite order because s is of finite order in G. Therefore,
the eigenvalues of p, are also of finite order, so that they are roots of unity. In
particular, the eigenvalues of p(s), A1, ..., A\, have absolute value 1. Therefore,
for each i, \;, \; 1 = \;. Therefore, Trace(p;') = X A\t = X \; = Trace(p,).
(3) It is known that for any a,b € GL(V) , Trace(ab) = Trace(ba). Therefore,
setting a = ts and b = t~! implies that Trace(tst™1) = Trace(s).

Remark 2.17 A complex-valued function f on G with the property that
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f(s) = f(tst™) for all s, € G is called a class function. By (3) above, any
character of a representation is a class function. Moreover, we will show that
the set of simple characters of representations of G provide an orthonormal
basis for the C-vector space of class functions of G.

Proposition 2.18 Let V and W be representations of G with characters
xv and yw respectively.

(i) xvew = xv +xw

(i) Xvew = xv - xw

Proof. For any s € G, suppose that the eigenvalues of s in V are {\;}
and the eigenvalues of s in W are {y;}. Then, the eigenvalues of s in V& W
are {\;} U{y;}, and the eigenvalues of s in V @ W are {\; - ptj}i;. Then,
Xvew = A +§]_3Mj =Xv +xw and xvew =2 A %,:,Uj =XV ' XW

Definition 2.19 Suppose that ¢ and 1 are complex-valued class functions
on G. We define the the inner product (-|-) by

G) = = 3 $(t)d(D)

B ’G| teG

Lemma 2.20 For a representation p : G — GL(V), define Vg := {v €
Vlips(v) = v,Vg € G}. Define ¢ € End(V) by ¢ := ﬁ ZGpg. Then,
ge

dim(Vg) = Trace(p).

Proof. The map ¢ as defined is a projection of V onto V. Suppose v =

|(1;|g§G pg(w) for some w € V. Then, for any h € G, py(v) = |(1;|g§G prpg(w) =
a1 X pg(w) =v, so v € Vg Moreover, if w € Vg, then & ¥ py(w) = w.
(=2 Gl yea

A
From this information we can view ¢ as a block matrix of the form ( (’)n 0)
where m is the dimension of Vi, I, is the identity map representing the
projection of Vi to Vi, and A represents the projection of V' \ Vi to V.

Therefore Trace(¢) = m = dim(Vg).

Theorem 2.21 (Orthogonality Relation) Let V' and W be irreducible

Omkaar Kulkarni Representation Theory of GLy(F,) 9



representations of G with characters ¢ and 1 respectively. Let Homg(V, W)
be the set of G-linear maps in Hom(V, W). Then, (¢|¢) = dim(Homg(V, W)),
the dimension of Homg(V, W) as a C-vector space. From this we get:

(1) If x is the character of an irreducible representation, then (x|y) =1

(2) If x and y’ are characters of non-isomorphic irreducible representations,
then (x|x') =0

Proof. Let V and W be irreducible representations of G. Homg(V, W) is

the set of fixed points of the representation V* ® W, which we denote by

(V*®@ W)g. By the lemma, dim((V* ®@ W)q) = Trace(ﬁ ZGp;/*@vW(w)) —
ge

@ggGXV(Q) xw(9) = (xvlxw). Therefore (xv|xw) = dim(Homg(V, W)).

By Schur’s Lemma, if V' and W are isomorphic then Homg(V, W) contains
multiples of the identity AI; otherwise, Homg(V, W) contains only the zero
map. Therefore, dim(Homg(V, W)) =1 if V ~ W and dim(Homg(V, W)) =
0 otherwise.

Corollary 2.22 Let V and W be (not necessarily irreducible) representations
of G with characters ¢ and v respectively. By the semisimplicity of representations,

(6) = dim(Homg (V, V).

Theorem 2.23 Let W be a representation of GG, such that W =W, &... oW
for some irreducible representations Wi, ...,W;. Then, this direct sum is
unique up to isomorphism of the summands.

Proof. Suppose that we can decompose W = W; & Wy & ... & W, for some
irreducible representations W4, ..., W,,. Then the character of W, y, is equal
to ¢1 4 g9+ ... + ¢, where ¢; is the character of ;. By the previous theorem,
the characters of irreducible representations of G are linearly independent, so
¢1 + P2 + ... + ¢, is the unique linear combination of irreducible characters
equaling .

Corollary 2.24 By Theorem, any two representations with the same character
are isomorphic.

Theorem 2.25 (Irreducibility Criterion). Suppose that V is a representation
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of G with character x. (x|x) =1 iff V is irreducible.

Proof. Suppose V' can be decomposed into the direct sum miW; @ maWs &

... ®mi Wi, where the W; are distinct irreducible representations that appear

m; times in V. We define x; to be the character of W;. Then, the character

of V| x, is equal to myx1 + maxa + ... + myxr and (x|x) = (mix1 + maxs +

o mpXElmaxT + maxe + o+ mxk) = Sm2. Sm? = 1 iff exactly one of
(3 1

the m; is 1 and the rest are 0.

Theorem 2.26 The set of characters of irreducible representations of G form
an orthonormal basis of the vector space of complex-valued class functions of

G.

Proof. We have seen that the set of characters of irreducible representations
of GG forms an orthonormal set of class functions. So it suffices to prove that
there is no class function outside the span of the irreducible characters of
representations of G. Let a be a class function of G and (a|xy) = 0 for all
characters xy of irreducible representations V. We will show that a = 0.

Let p : G — GL(V) be a representation of G and define ¢y € End(V') by
Yy = ZGa(g)pg. Then, ¢y is a G-linear map:
ge

pv(on(v)) = X alg)pg(v) = X alhgh™)pi,(v)

geG geG
= pn( %a(hghl)ﬂg(v)) = pnlpv(v))
ge
Now suppose that V' is an irreducible representation of G. By Schur’s Lemma,
pvA-1d for some A € C. If dim(V') = n, then we find that A = & Trace(py) =

L ZGa(g)XV(g) =1 ZGoz(g)Xv* (9) = ‘%I(@\XV*) by the definition of the dual
g& ge

representation. But since « is outside of the span of the irreducible characters
of representations of G, A = %(Q‘XV*) = 0. Since ¢y = 0 for all irreducible
representations V', ¢y = 0 for all representations of G' by the semisimplicity
of representations. We apply this to the regular representation. Recall that
the regular representation has a basis {e;}cq satisfying ps(e;) = ey. Then,
geZGoz(g)pg(el) = gezGoz(g)eg = 0. By the linear independence of the basis

{etheq, alg) =0 for all g € G.
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Corollary 2.27 In particular, the number of irreducible representations of
G is the number of conjugacy classes of G.

Proof. The set of class functions {f.} that take the value 1 on a conjugacy
class c and 0 elsewhere form a basis of the vector space of complex-valued class
functions of G. Therefore, the space of class functions of G has dimension
equal to the number of conjugacy classes of G.

Definition 2.28 Let p : G — GL(V') be a representation of G in V. Suppose
that H is a subgroup of G. Then, the restriction of p to H is the representation
pr : H— GL(V) defined by p? := p, for all s € H.

Definition 2.29 Let p : G — GL(V') be a representation of G in V. Suppose
that H is a subgroup of G, and p' is the restriction of p to H. Let W be a
subrepresentation of p™. Then for every left coset of H, 0 = sH, W, := p,W

is a subrepresentation of p. Therefore, > W, is a subrepresentation of V.
oeG/H

A representation p of G in V' is said to be induced by a representation 6 of
Gin WitV =®seq/uWs.

Remark 2.30 Let H be a subgroup of G. Suppose we have a representation
0 : H — GL(W). Then there exists a unique representation of G that is
induced by 6.

Theorem 2.31 Let p : G — GL(V) be the representation induced by
0:H — GL(W). Then, for any t € G, x,(t) = ﬁ > xelsts™h).
s€G|sts—1eH
Proof. Since p,W, = Wy, for all ¢ € G, we can calculate the trace of p,
by taking the trace of 0, over the cosets o such that go = o, since the matrix
representation of 6, on those cosets can be seen on the diagonal of the matrix
representation of p,. If o is the coset sH, then go = ¢ is equivalent to sgs™! €
H. Therefore, x,(t) = ) xo(sts™!) = ﬁ > xo(sts™h).
sHeG/H|sts~'eH s€G|sts~leH

Theorem 2.32 (Frobenius Reciprocity) Suppose that ¢ is a character of
a representation V of GG and 1) is a character of a representation W of H.
We will denote by res¢ the character of the restriction to H, and by indi the

Ombkaar Kulkarni Representation Theory of GLy(F,) 12



character of the induced representation to G. Then,

(V[resd) i = (indy|d)q

Proof. We prove that dim(Homp(W,resV)) = dim(Homg(indW,V')). Since

indW = Z/ W,, every ¢ € Hompy (W, resV') extends uniquely to a homomorphism
ceG/H

¢' € Homg(indW, V) by the relation ¢’ = p} o o (pi")~! on each of the
direct summands W,y. Therefore, Hompy (W, resV) = Homg(indW, V') and
dim(Hompg (W, resV)) = dim(Homg (indW, V)).

Ombkaar Kulkarni Representation Theory of GLy(F,) 13



3 Cartan Subgroups

Let F be a field. Suppose that K is a separable quadratic extension of F'. Let
{w1,ws} be some basis of K/F. The regular representation of K with respect
to the basis is multiplication representing K* as a subgroup of G'Lo(F).

Definition 3.1 Let C} denote the image of K in G Lo(F) under the regular
representation of K with respect to some K/F basis. C} is called a non-split
Cartan subgroup.

Remark 3.2 A change the basis for the regular representation of K corresponds
to conjugation of the subgroup C%, so all non-split Cartan subgroups are
conjugate to each other.

Remark 3.3 The subalgebra F'[Cy] CMats(F') is isomorphic to K.

Example 3.4 Let FF = R and K = C. Define p : C* — GLy(R) to be
the regular representation of C with respect to the basis {1,i}. In general

pla+bi) = (Z _ab>, where a,b € R.

Definition 3.5 The split Cartan subgroup is the group A of diagonal matrices
a 0O
0 d

Proposition 3.6 Let Cj be a non-split Cartan subgroup of GLy(F'). The
subgroup Cj is maximal among commutative subgroups of G Ly(F).

with a,d € F*

Proof. Since C} is isomorphic to K>, C} is commutative. Suppose that
there is an € GLo(F) \ C) that commutes with all elements in Cj. In this
case, the set {1,a} is linearly independent over F[Cy]. F[C] = K may be
viewed as an F-vector space of dimension 2, so F[Cy]+aF'[Cy] can be viewed
as a 4-dimensional F-vector space, from which it follows that it must be the
entire set Mato(F'). This implies that Maty(F') is commutative, which is false.
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Proposition 3.7 Let A be the split Cartan subgroup of GLo(F). The
subgroup A is maximal among commutative subgroups of G Ly(F).

Proof. Since the split Cartan subgroup is the subgroup of diagonal matrices
of GLy(F), it is a commutative subgroup. Let a € GLy(F) \ A. We write

b e i : :
a = (CCL d) satisfying the condition that either b or c¢ is non-zero. Then, for

: : 0 : . .
some diagonal matrix (g y) with = # y in the split Cartan subgroup, we

i B o
G- )

Since x # y and either b or ¢ is non-zero, either bx # by or cx # cy, proving
that o does not commute with the rest of A.

have that

while

Proposition 3.8 Let C' be a Cartan subgroup of GLy(F'). Then, [N(C) :
C] = 2, where N(C) is the normalizer of C

Proof. Conjugation by a member of N(C}) on a non-split Cartan subgroup Cj,
can be viewed as an automorphism of K /F'. Since C} is maximal commutative,
conjugation by elements of Cj can be viewed as the trivial automorphism.
Therefore, there must be a coset of Cy in N(C}) that can be viewed as

the unique non-trivial automorphism of K/F. We see that w = (1) (1))

generates this coset by interchanging the eigenspaces of the elements of Cj.
Similarly, w interchanges the eigenpaces of the split Cartan A, sending a

. 0 d 0 . . .
matrix (g d) — (0 a)' This must generate a unique non-trivial coset of

A in N(A) because matrices of the form (8 2) can only be conjugate to

themselves or to matrices of the form (g 2) in A.

Ombkaar Kulkarni Representation Theory of GLy(F,) 15



We now specialize to the scenario of GLy(F') where F is a finite field, which
is the topic of this thesis. Going forward, we use the following notation:

F' = finite field with ¢ elements, where ¢ is a power of some prime p

G = GLy(F)

Z = Z(G), the center of G

A = diagonal subgroup of G (split Cartan)

C' = a non-split Cartan subgroup of G. Note. Since F' is a finite field, there
is a unique quadratic extension of F' in its algebraic closure; up to conjugacy
there is one non-split Cartan subgroup.

U = the group of unipotent elements é 1
B = Borel subgroup UA = AU. The Borel subgroup consists of all matrices

of the form (g ZZ) with a,c € F* and b € F.

Remark 3.9 From the definitions, we have that the size of G = GLy(F)
is (¢*> — q)(¢*> — 1). The size of the diagonal subgroup A is (¢ — 1)?. The size
of a non-split Cartan subgroup C' is ¢> — 1. The size of the Borel subgroup
B is q(q — 1)2.
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4 Conjugacy Classes of GLy(F,)

We determine the conjugacy classes of G.

Theorem 4.1. The conjugacy classes of G are given by the following table.

Class type # of classes | # of elements of class

a O

(O a) q—1 1
a 1 9
(0 a) q—1 g —1

a O .
(5 o) wiazd | ta-n@a-2 £+
acC-2Z 2(g—1)q > —q

Table 1: Conjugacy Classes of G

Proof. Suppose o € G has characteristic polynomial with roots in F'; in
other words, the eigenvalues of a are in F'. Then, by the Jordan canonical

. . _ 0 1
form, such a value of a is conjugate to one of the matrices (g a)’ (8 a)a

a 0) .
or (0 d) with a # d.

On the other hand, elements o« € C' — Z correspond to members of K \ F,
and these elements do not have a characteristic polynomial that splits over F'.

To complete the table we have two objectives:

(1) Find the number of classes in each type. We will observe which elements
in a type are conjugate to each other by using the characteristic polynomial,
which is unchanged by conjugation.

(2) Find the number of elements in a conjugacy class for each type. Since
each of Ba3~! are conjugate to « for a, B € G, the number of elements in a
conjugacy class can be counted as the index of the centralizer of the element

in GLQ(F)

First class type (g O).

(1) The characteristic polynomial is (z — a)?, so each a determines a distinct

Ombkaar Kulkarni Representation Theory of GLy(F,) 17



conjugacy class. Therefore there are ¢ — 1 conjugacy classes of the first type.
(2) The first type of class consists of the central elements of G. Since
the centralizer of an element in a conjugacy class of the first type is the

entire group GG. Therefore the number of elements in a class of this type is
G:G] =1

a 1
Second class type (O a>'

(1) The characteristic polynomial is (z — a)?, so each a determines a distinct
conjugacy class. Therefore there are ¢ — 1 conjugacy classes of the second

type.
(2) We explicitly calculate the centralizer of a given matrix of the second

type. (j ?) € (G is in the centralizer of matrix (g 1) iff

606962

aoce a+ap\ (ac+7vy 6+af
ay v+ad) \ ay ad

which implies that

Therefore, v = 0 and 6 = «. Since (& B ) = (Q ﬁ) is invertible, its
v 0 0 «

1
determinant o2 is non-zero. Therefore the centralizer of matrix 8 . is the

set of matrices (a g) such that a # 0. There are ¢(q — 1) such matrices, so

0
(g—1)(¢*~1)

the index of this centralizer in G is 2 e = ¢ —1.

Third class type (g 2) with a # d.

(1) The characteristic polynomial of a given matrix of this type is (z —a)(x —

d). We see that ((C)l 2) is the only other matrix of this type with the same
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. . a 0 0 1\ (d 0) (0 1
characteristic polynomial. Furthermore, (0 d) = (1 0) (O a) (1 0).

Therefore, every polynomial (x — a)(z — d) with a,d € F*and a # d is
the characteristic polynomial of two conjugate matrices of the third type.
Hence, the number of distinct classes in the third class type is W.

(2) As in the case of the second type, we directly calculate the centralizer

of this type of conjugacy class. (: ?

W 1 R E
oo )= (0 )

Therefore, dy = avy and df = aff. Since a # d, this implies that v =
B = 0. Since (C; g ) = (a 0) is invertible, its determinant o is non-zero.

€ ( is in the centralizer of matrix

a 0) .

Odlff

which implies that

) 0 o
) . [a O) . ) a 0
Therefore the centralizer of matrix (O d) is the set of matrices ( 0 6) such

that o # 0 and § # 0. There are (¢ — 1)? such matrices, so the index of this

centralizer in G is %&q;_l) =q¢*> +q.

Fourth class type a € C' — Z.

(1) |C = Z| = ¢* — q. Conjugation of C corresponds to a field automorphism
of K, which is either the identity map or Frobenius map. For example,
conjugation of C' by the identity matrix corresponds to the identity map on

1 :
Lo corresponds to the Frobenius map. So two
distinct matrices in C' — Z are conjugate iff their preimages in K are related
by the Frobenius map. Therefore, there are 95 classes of the fourth type.
(2) Since a non-split Cartan subgroup C'is commutative, the centralizer of

any element in C' — Z is C itself. Since |C| = ¢*> — 1, the number of elements

K, while conjugation by (0
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in the class of some a € C' — 7 is [G:C]:%:(f—q.

Finally, we show that our findings give all the conjugacy classes of G. The
total number of elements of G that are conjugate to one of the classes of
a certain class type is the product of the number of classes and number of
elements of the class. Therefore, the total number of elements of G that are
conjugate to a class in one of the four described class types is (¢ — 1)(1) +

(q—1)(¢* = 1) + (U2 (2 + g) + (529 (¢ — q) = q(g — 1) (>~ 1) = |G].
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5 1-Dimensional Representations

Theorem 5.1 Let i : F* — C* be a group homomorphism. Then, functions
on GG of the type podet : G — C* are characters of irreducible 1-dimensional
representations.

Proof. o det is is a homomorphism from G to GL(C) ~ C*, so it is a
1-dimensional representation. It is necessarily irreducible since it is 1-dimensional.

The character of a 1-dimensional representation takes the following values
on the conjugacy classes of G"

. a 0 a 1 a 0
x/Conjugacy Class (0 a) (0 a) (O a)d#a acC—-2Z

[0 det p(a)® | pla)® p(ad) pio det(a)

Table 2: Character of a 1-Dimensional representation

Theorem 5.2 There are ¢ — 1 irreducible 1-dimensional representations.

Proof. There are ¢ — 1 homomorphisms of the type u, that are determined
by the ¢ — 1th root of unity that a generator of F'* is mapped to.

6 Steinberg Representations

Since U < B, B/U ~ A and therefore a character of A can be viewed as a

character of B by the quotient map. Specifically, we let 1, = resa(u o det).
b

We view 1, as a character on B, so that for example 1, (g d) = p(ad).

From this character we obtain an induced character wf =ind% (1)

This character contains y o det and is therefore not irreducible, which we see

by Frobenius reciprocity:

1
> |podet(t)] =1

(indg¢u|ﬂ odet)g = (Yylpodet)p =
B ici
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Theorem 6.1 Characters y = wf — p o det are characters of irreducible
representations. Specifically, we call the representation that they characterize
the Steinberg representations.

Proof. In order to find the values taken by wﬁ in each conjugacy class,

we use the formula ind%(¢,)(a) = ﬁ | > u(tat™h).
teG|tat—1eB

. a 0
First class type a = (O a)'

The t such that tat~! € B is the entire group G since the first class type

consists of the central elements of G. L > tat 1) = L % Q) =
5] teGltat—1eB ¢M( ) |B] teG ¢M( )

2 2
9 (a)? = LD (0)2 = (g + 1)pu(a)?. Furthermore, o det(a) = u(a)?,

so (Y] — podet)(a) = gu(a)®

Second class type u = (g clz)

First we find the t € G such that tut™! € B. (?; g) € (G is such a t

3666 )

for some (g Z) € B. This implies

(aoz oz—l—aﬁ) B (xa—l—yv x5+y5)

ay y+ad) 27y 20
Therefore, zv = a~y, implying either that v = 0 or that a = z. But if a = z,

then v 4+ ad = z0 which implies that + is 0 anyways. Therefore, the set of

g g with a,0 € F*
since t is invertible. We then notice that the ¢ satisfying these requirements is

precisely the Borel subgroup. Therefore, ﬁ > Y (tut™) = %M(aﬂ

teGltut—1eB
Furthermore, p o det(u) = pu(a)?, so (V5 — puodet)(u) =0

matrices t for which tut~! € B is the set of matrices
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Third class type s = (g 2) with a # d.

J

36 a)-6 6 )

for some (g ‘Z) € B. This implies

First we find the t such that tst~! € B. (3 B) € (G is such a t iff

ace dB\  (va+yy xB+yd
ay df) 2y 20

~v and ¢ are not both 0 since t is invertible. Therefore, either z = d or
z = a. If 2z =d, then v = 0. On the other hand, if 2 = a, then 6 = 0.

Therefore, the matrices ¢t are of either the form ((O; g) with a,0 € F* or
0

we get that éteGﬁ%leB Yu(tst™) = 2q(|qB—‘1) p(ad) = 2u(ad). Furthermore,

p o det(s) = u(ad), so (ng — podet)(u) = u(ad).

of the form (3 5) with 3,7 € F*. There are 2¢(q — 1)? such matrices so

Fourth class type a € C' — Z.

There is no t € G such that tat™! is in B; we can see this from the fact
that matrices in C' — Z don’t have eigenvalues inside I’ while matrices in B
have eigenvalues in F. Therefore, (1) — p o det)(a) = 0 — pu o det(a).

Therefore the character of a Steinberg representation takes the following
values on the conjugacy classes of G:

x/Conjugacy Class <8 2) <8 clt> <8 2) d#a| aeC—-2Z
5T —podel | ap@? | 0 plad) | —podet(a)

Table 3: Character of a Steinberg representation
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We calculate ((¢§ —podet)|(¢§ —podet)), and use the irreducibility criterion
to determine that we have found a character of an irreducible representation.

(Wf — o det)|(¢ff — podet)) = ﬁ%ﬁd(@bﬁ — o det)(t)]?; we can use

Table 3 to find this sum over the elements of each class type.

| (W —podet)(O)* = > lgu(a)l® = (g - 1)(¢*).
teFirst class type
(W —podet)(®)* = > (¢* =10 = 0.
teSecond class type
G_ odet 2 _ 2 A2 = =D@=2) (2
tEThirdzc:lass type |(77/)/$ HOEe )( )‘ {a d}e%x|a7éd( ‘i‘Q)‘/l(a >| 2 (q +

q)-
(W —podet)(t)? =3 £ (¢ —q)| —podet(a)P = 3(¢* -

teFourth class type
0)(¢* = q)

The value (¢ — p o det)|(y — podet)) = gylla = 1)¢* + 3(a — 1)(q ~
2)(¢* 4+ q) + (g — 1)a(¢®> — q)] = 1.

Theorem 6.2 There are ¢ — 1 irreducible Steinberg representations. They
are of dimension gq.

Proof. Just as with the 1-dimensional representations, the Steinberg representations
are determined by the homomorphism p. There are ¢ — 1 homomorphisms of

the type u, which are determined by the ¢ — 1th root of unity that a generator

of I is mapped to.

The dimension of @DG is }gk (1) = g+ 1 by the direct sum decomposition of an
induced representation. Since we remove a 1-dimensional character p o det,

the dimension of a Steinberg representation is q.
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7 Principal Series Representations

Let ¢ : A — C* be a homomorphism.

(01 a 0\ ; (d 0
Letw—(1 0).Thenwehavethatw(o d)w —(0 a)'

We define the conjugate character [w]y) := 9 (waw™). Recall that the
characters p o det are homomorphisms from A to C*. Then, [w](u o det) =
1 o det since the determinant is unchanged under conjugation. On the other
hand, if v is a homomorphism from A to C* and ¢ # u o det, then
is necessarily distinct from [w]i. In this case, ¥ takes the form such that

(2 (g 2) = 1(a)hy(d) for two distinct homomorphisms ; and 9 from

F* = C~.

We view 1) as a character on B, so that for example v (O d) U1 (a)ha(d).

We can now induce a character from B to G, defining ¢ = indg(@b) =
ind$([w]v), with ¢ satisfying ¥ # [w]v

Theorem 7.1. Characters y = ¢ where ¢» # [w])) are characters of
irreducible representations. We call the representations that they characterize
the Principal Series representations.

Proof. In order to find the values taken by ¥ in each conjugacy class, we use

the formula ind%(¢)(a) = @tthmleB@b(ﬁ&ﬁ_l).

. a 0
First class type a = (O a)'

The t such that tat~! € B is the entire group G. 1% (a) = + > Ytat™) =

1B] |t€G|tat leB

B2 d(a) = Giie(a) = (g + 1)iis(a).

teGltat—1eB

Second class type u = (g clz)

Recall from the previous section that tut™! € B iff t € B. Therefore,
¢G( ) 1 2 7/)(150‘75 ) \B| Z @b( ) ¢1¢2(a)-

1B] teGltat—teB
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Second class type s = (8 2) with a # d.

Recall that the t such that tat~! € B are matrices of the form ((O; g) c Gif

the conjugate matrix is of the form (8 Z) . There are q(q—1)? such matrices.

Alternatively, t is of the form (: g) € G if the conjugate matrix is of the

form (g Z) There are ¢(q — 1)? such matrices.

Therefore, 1% (s) = ﬁq(q—ly%(a)¢2(d)+ﬁQ(q_1)2¢1(d)¢2(a) = Y1(a)pa(d)+
U1(d)a(a).

Fourth class type a € C' — Z.

Recall that there are no ¢ € G such that tat~! € B. Therefore, 1% (a) = 0.

Therefore the character of a Principal Series representation takes the following
values on the conjugacy classes of G:

x/Conjugacy Class (g 2) <g i) (8 2) a#d acC—-Z
$& with ¢ # [wly | (¢ + Diivpa(a) | ¥ava(a) | ¢1(a)Pa(d) + 91 (d)va(a) 0

Table 4: Character of a Principal Series representation

We calculate (¢%]1%), and use the irreducibility criterion to determine that
we have found a character of an irreducible representation.

(YY) = ‘—g;ltEZGWG(t)\Q; we can use Table 4 to find this sum over the

elements of each class type.

)y e () = > @+ 1)nea(a) P=(¢—D(g+1)%

teFirst class type ack'™*

WP = v (¢ = Dae(a)’ = (¢ - 1)(¢* — 1).

teSecond class type acF>

WO =3 = (@ +ali(a)ve(d) +vi(d)a(a)]’ = (¢® +

t€Third class type a,deF*|a#£d
1)(¢ = 1)(q = 3).
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teFourth class type |¢G(t)|2 - %ae§—2(q2 - Q)‘O|2 =0
The value (¢%|9%) = ﬁ[(q—1)(61"‘1)2"‘((1—1)(q2—1)+(q2+1)(q—1)(q_3)] _
1.

Theorem 7.2 There are %(q—l) (¢g—2) irreducible Principal Series representations.
They are of dimension g + 1.

Proof. The Principal Series representations are determined by two distinct
homomorphisms 11 and 1) that map F* to C*. This gives g—1 homomorphisms
Y1 multiplied by ¢ — 2 remaining options for ¢». However, we can observe
from the character table that switching the homomorphisms gives the same
character, so there are %(q — 1)(g¢ — 2) Principal Series representations.

|G|

The dimension of ¥ is @(1) = ¢+ 1 by the direct sum decomposition of an

induced representation.
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8 Cuspidal Representations

Let 0 : K* — C* be a homomorphism. We may view this as a character on

a non-split Cartan subgroup C.

01
Let w = (1 0) w e N(C).

The map ¢ : C' — C mapping a — waw is therefore an automorphism of
C'. Moreover, ¢ defines a field automorphism of F[C] = K over F, which is
given by the Frobenius map « +— af. We define a conjugate character [w]d
by [w]f = 0(¢(a)). From 6 we induce a character 0% = ind%(#) = ind&([w]9).

Let p : F* — C* be a homomorphism, and let A : F'* — C* be a non-trivial
homomorphism.

We define (p,A) to be the character on ZU such that (u, /\)((g a;c)) —

p(a)A(x). Then, we induce a character (u, \)¢ =ind%; (u, A).

G

Next we calculate the character table for ¢ and (u, A\)¢ as an intermediate

step; these are not necessarily characters of irreducible representations.

Theorem 8.1. The value of the characters ¢ and (u, \)¥ on conjugacy
classes of GG is given in the following table.

x/Conjugacy Class <g 2 (8 (11) (8 2) a#d aeC—-7Z
0 (¢* — q)b(a) 0 0 0(a) 4+ O(waw)
(1, M) (¢° = Dp(a) [ —p(a) 0 0

Table 5: Intermediate Characters

Proof. In order to find the values taken by 6% in each conjugacy class,

we use the formula ind%(6)(a) = ﬁ |Z O(tat™!). In order to find
teGltat~1eC

the values taken by (i, \)“ in each conjugacy class, we use the formula

G _ 1 ~1
indZ; (1, M) (a) = 70 tEG|m§_1EZU«9(tat ).
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First class type a = (a O).

0 a
0%(0) = 1,y 5o (@) = [G19(@) = TR = (¢ - 0)0a).
m,A) =g S (@) = (e N (@) = Su(@)A0) = Fhpla) =

teGltat=teZU

Second class type u = (g clz)

Elements of the second class type are not conjugate to any element of C,
so 0% (u) = 0.

We want to find t € G such that ¢ g Clb t~1 € ZU. We notice that the

characteristic polynomial of « is (A — a)?, so « should only be conjugate to

elements in ZU of the form (g

a;z:) where x # 0. In order for this to occur,

we need to find (: ?) € (G such that

566 6 )

ace a+af\ (aa+ axy af + axd
ay v+ ad ary ad

this implies

Then, we must have that v = 0 and axd = «. This gives (¢ — 1)g values

for 3 f hreF* L A)(a) = 4y A)(a) =

or § for each x Z0] thO;leZU(M ) (@) 20| xeF;\{O}(M )(«)

qg—Ul@( ), = Mb) = —p(a). This follows from the face that = A(b) = —1.
ef'x

Since A is non trivial, there is a A(a) # 1. Then, A(a) ¥ A(b) = X Aa+
beF+ beF+

b) = b hich implies that (A —1 Ab) =0 Ab) = 0.
) be%w (b), which implies that (A(a) )b€%+ (b) SO bgﬂ (b)

2 AB) = 2 AB) - A0) = 1.

Third class type s = (g 2) with a # d.
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Again, elements of the third class type are not conjugate to any element
of C, s0 0%(s) = 0.
Since the characteristic polynomial of elements of ZU are of the form (z—a)?,

elements of the third class type of G cannot be conjugate to any element of
ZU. Therefore, (11, \)%(s) = 0

Fourth class type a € C' — Z.

1
Since C' is of index two in its normalizer, with the matrix w = (1) 0)

generating the non-trivial coset of C'in N(C), & Q(tozt_l)—i—ﬁ > Otat™) =
t

7 1C] teC cwC
0(a) + O(waw).

Since the characteristic polynomial of elements of the fourth class type is
not (z — a)? for some a € F*, elements of this type are never conjugate to
elements in ZU. Therefore, (1, A\)%(a) = 0.

Theorem 8.2

Let 67 be a character of the form (resf, \)¢ — 0% where 67 # [w]f. Then 6/
is a character of an irreducible representation. We call the representation it
characterizes a Cuspidal representation.

Proof. Finding the character table for 6/ is easy since we have the partial
results from the previous table; we need to subtract the entries of the first
row from the second, evaluated at u = resf.

\/Conjugacy Class (g 2) (g i) (g 2) dta| acC-Z
el T 0% (D) | pa) 0 (0] Owau)

Table 6: Character of a Cuspidal representation

We calculate (#'|0"), and use the irreducibility criterion to determine that we
have found a character of an irreducible representation.

Ombkaar Kulkarni Representation Theory of GLy(F,) 30



(0'10") = al G‘ Z 0/ (t)|?; we can use Table 6 to find this sum over the elements

of each olass type

2 J0OP= 5 @ - D) = (¢ - 1)@ -1

teFirst class type

COF = 3 (¢ =DI=0a) = (a—-1)" ~ 1)
teSecond class type

t))? = 0> = 0.
teThird class type ( )‘ a,deF*|a ;éd(q + Q)l ‘

9’1&2—1 ) —0(a) — 6 2 (g —1)2(g2 —

ot e 0 D=3 & N@* = )| =0(a) —b(waw)* = (¢ = 1)*(¢" — ¢)

The value of (¢'|0") =
(¢ =1 +q)] =1

alla =1+ (@ =1)(¢+1) + (¢ = 1)’(¢* — q) =

Theorem 8.2 There are = (q 1)q irreducible Cuspidal representations. They
are of dimension ¢ — 1.

Proof. The character table shows that a Cuspidal representation is determined
by 0, which is a homomorphism from K* to C* such that (waw) # 6(«).
This gives ¢(¢ — 1) homomorphisms, but since the character table shows that
0 and O(waw) generate the same representation, there are really %(q — 1)gq
irreducible Cuspidal representatlons.

The dimension of §¢ is IgI (1) = ¢* — 1 by the direct sum decomposition of an
induced representation. The dlmension of (u, \)¥ is %(1) — 1 by the

direct sum decomposition of an induced representation. So the dlmenswn of
a Cuspidal representation is (¢> — 1) — (¢*> — q) = ¢ — 1.
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9 Conclusion

In this thesis we have found the irreducible characters of GLs(F,). We can
summarize the findings in the following table.

type number of type | dimension
o det q—1 1
z/}f—uodet q—1 -1
Y with ¢ # [w]yp | 5(g—1)(¢ —2) @ +q
0" with 0 # [w]0 3(g—1)q 7 —q

Table 7: Simple Characters of G

The table shows as many irreducible representations of GLy(F,) as there

are conjugacy classes of GLy(FF,) so we have found all of the irreducible
representations of GLy(F,).
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